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Abstract
Despite its importance in general relativity, a quantum notion of general covariance has not yet
been established in quantum gravity and cosmology, where, given the a priori absence of coordinates, it
is necessary to replace classical frames with dynamical quantum reference systems. As such, quantum
general covariance bears on the ability to consistently switch between the descriptions of the same
physics relative to arbitrary choices of quantum reference system. Recently, a systematic approach
for such switches has been developed [1–3]. It links the descriptions relative to different choices
of quantum reference system, identified as the correspondingly reduced quantum theories, via the
reference-system-neutral Dirac quantization, in analogy to coordinate changes on a manifold. In this
work, we apply this method to a simple cosmological model to demonstrate how to consistently switch
between different internal time choices in quantum cosmology. We substantiate the argument that
the conjunction of Dirac and reduced quantized versions of the theory defines a complete relational
quantum theory that not only admits a quantum general covariance, but, we argue, also suggests a
new perspective on the ‘wave function of the universe’. It assumes the role of a perspective-neutral
global state, without immediate physical interpretation, that, however, encodes all the descriptions of
the universe relative to all possible choices of reference system at once and constitutes the crucial link
between these internal perspectives. While, for simplicity, we use the Wheeler-DeWitt formulation,
the method and arguments might be also adaptable to loop quantum cosmology.
1 Introduction
General covariance is a celebrated feature of general relativity. It asserts that all the laws of physics are
the same in all reference frames and independent of coordinates. It not only permits us to describe the
physics from arbitrary choices of reference frame, but also to switch between the different descriptions at
will. General covariance is the origin of the diffeomorphism invariance of the theory and thereby leads to
profound conceptual consequences [4]: physical systems are neither localized nor evolve with respect to
a background spacetime, but relative to one another. General covariance thus already implies classically
that coordinates are not a fundamental concept in physics. While they are practical for any concrete
calculations of the physics in a given spacetime, already classically, one could, instead, use dynamical
degrees of freedom as reference systems relative to which to describe the physics, incl. the dynamics of
spacetime [4–12].
In quantum cosmology and quantum gravity the situation becomes more extreme: since one does not
quantize spacetime and its matter content relative to a background, coordinate systems are a priori absent
altogether. Consequently, it becomes a necessity to employ dynamical degrees of freedom as quantum
reference systems relative to which to describe the physics [4–7,12–40]. Ordinary coordinate systems are
only expected to be reconstructed from such reference systems in a semiclassical, large-scale limit.
A question that has so far received little attention in quantum gravity and cosmology is how to estab-
lish a quantum notion of general covariance, despite its fundamental importance to the theory supposed
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to be quantized. A reason is perhaps the absence of coordinates and the (attempted) outright diffeo-
morphism invariance in quantum gravity. However, already classically, general covariance is less about
coordinates and, operationally, primarily about linking the descriptions relative to different reference
frames. Similarly, given the absence of coordinates, quantum general covariance can only refer to the
ability to consistently switch between the descriptions of the same physics relative to arbitrary choices of
quantum reference system. This includes both spatial and temporal reference systems.
As an initial step, we shall address this question in the context of a simple isotropic and homoge-
neous quantum cosmological model in this article, exploiting a novel framework for quantum reference
systems [1–3, 41] and building up on the earlier works [23–25]. As such, we will here not be concerned
with spatial reference systems [1, 2, 41], but only internal times to which one usually resorts for defining
temporal localization in quantum cosmology [12–15,19–40].
The use of different choices of internal times in parametrized systems and cosmological models has been
considered, e.g., in [14,33,42–44], but no explicit switches between the different choices were constructed.
Instead, the so-called multiple choice problem associated to the problem of time was diagnosed [14, 15].
This is the purported problem that generically there are no distinguished internal time choices and
that different choices of internal times would lead to unitarily inequivalent quantum theories. Switching
between different internal time choices was only later studied in a semiclassical approach [23–25,45] and,
for a restricted set of choices, at the level of reduced quantization [46–49]. Nevertheless, the meaning of
quantum general covariance remained elusive.
One of our aims here will be to begin clarifying both technically and conceptually what quantum
general covariance is, at least in the simplified context of quantum cosmology. The method and concepts,
however, extend, at least in principle, to full quantum gravity. To this end, I will invoke a recent
unifying approach to switching quantum reference systems in both quantum foundations and gravity [1–3].
This approach blends operational quantum reference frame methods [41], aiming at quantum covariance
too, with the ideas underlying the semiclassical clock switches in [23–25, 45] and conceptual arguments
concerning the ‘wave function of the universe’ and how to accommodate different frame perspectives in
it [50]. In particular, in [3] it was already shown that it provides a systematic method for switching
between different choices of relational quantum clocks and this will be exploited below.
The key feature of the method in [1–3] is that it identifies a consistent quantum reduction procedure
that maps the Dirac quantized theory to the various reduced quantized versions of it relative to different
choices of quantum reference systems. It identifies the physical Hilbert space of the Dirac quantization
as a reference-system-neutral quantum super structure and the various reduced quantum theories as the
physics described relative to the corresponding choice of reference system. In analogy to a coordinate
change on a manifold, one can then switch between different choices of quantum reference system by
inverting a given quantum reduction map and concatenating it with the forward reduction map associated
to the new choice of reference system. Just like coordinate changes, this will not always work globally,
but this, I argue, is the structure defining quantum general covariance in a canonical formulation [1–
3]. In particular, a complete relational quantum theory, admitting quantum general covariance, is the
conjunction of its Dirac and various reduced quantized versions, just like the classical theory contains
both the constraint surface and reduced phase spaces [3]. By linking the various (generally unitarily
inequivalent) reduced quantizations, the multiple choice problem becomes a multiple choice feature of the
complete relational quantum theory [3], just like general covariance is a feature of general relativity.
In this work, I will apply this method to the simple flat Friedman-Robertson-Walker (FRW) universe
filled with a massless, homogeneous scalar field and show how to consistently switch between choosing
either the scale factor or the field as an internal time in both the classical and quantum theory and
how the different descriptions are explicitly linked. This model has become a fairly standard example in
Wheeler-DeWitt type quantum cosmology [33,34,40] and loop quantum cosmology [28,29,37,39] and has
recently even been reconstructed from a full quantum gravity theory [30, 31]. Our discussion will be of
relevance to each of these approaches, although loop quantization related subtleties need be taken into
account before this framework can be directly applied to the latter two approaches (see later comments).
In the conclusions, I will use this explicit construction to argue more generally that quantum general
covariance also entails a novel perspective on the ‘wave function of the universe’. It provides the handle to
relate quantum states of subsystems ‘as seen’ by other subsystems to ‘the wave function of the universe’,
linking frame-dependent and frame-independent descriptions of the physics and thereby suggesting a new
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interpretation of states in quantum cosmology. In particular, I propose to view the ‘wave function of the
universe’ as a perspective-neutral global state that does not admit an immediate physical interpretation,
but that encodes all the descriptions of the universe relative to all possible choices of reference system at
once and constitutes the crucial link between all these internal perspectives. This will substantiate (and
partially amend) an earlier proposal for interpreting the ‘wave function of the universe’ and rendering it
compatible with operationally significant relative states [50] (see also the earlier discussion in [51]).
2 The flat FRW model with massless scalar field
Consider an isotropic and homogeneous FRW universe, filled with a homogeneous scalar field φ(t) and
described by a metric ds2 = −dt2 + a2(t)(dr2/(1 − kr2) + r2dΩ2), where a(t) is the scale factor and
k = −1, 0,+1 characterize open, flat and closed universes, respectively. For quantization later, it will
be convenient to rather choose α := ln a, so that (α, φ) ∈ R2 will be our configuration variables. This
choice also simplifies the form of the Hamiltonian constraint, generating the dynamics, and yields1 CH =
p2φ − p2α − 4k exp(4α) + 4m2 φ2 exp(6α), where m is the mass of the field, e.g. see [28, 29, 33–40]. For
illustrative purposes, we shall henceforth set the mass and curvature to zero, m = k = 0, such that the
Hamiltonian constraint takes a particularly simple Klein-Gordon form
CH = p
2
φ − p2α ≈ 0 , (2.1)
where ≈ denotes a weak equality [52, 53]. Hence, we can equivalently interpret the dynamics as either a
flat FRW model with massless scalar field, or as a relativistic particle in 1+1 dimensions.
To understand the quantum internal time switches, it is necessary to first carefully revisit the classical
model.
2.1 Classical relational dynamics and internal time switches
It is clear that pφ, pα are dependent constants of motion and thus Dirac observables, as are
Λ = pα φ+ pφ α , L = pφ φ+ pα α. (2.2)
We have not yet selected a temporal reference with respect to which to interpret the dynamics. The
constraint surface C defined by (2.1) encodes all possible internal time choices at once, as reflected also
in the redundancy of its description, and constitutes an internal-time-neutral super structure [3] (see
also [1, 2]). As such, C itself does not admit the interpretation as the physics described relative to a
reference system; it is also not a phase space, but a pre-symplectic manifold.
Using Λ or L, we can construct relational Dirac observables [3, 4, 6, 8–12, 17–25] in various ways. For
simplicity, we choose α, φ as internal times, exploiting that they are globally monotonic. For compactness
of notation, denote by e and t the evolving and clock configuration degree of freedom, respectively, which
are either e = φ and t = α, or vice versa. The relational observable describing the evolution of e with
respect to t can be easily constructed by evaluating the right hand side of Λ = pα φ + pφ α along the
trajectories generated by CH (with flow parameter s) and noting that Λ is a constant of motion, producing
e(τ) := e(s)
∣∣
t(s)=τ =
1
pt
(Λ− pe τ) = −pe
pt
(τ − t) + e . (2.3)
(The situation is completely symmetric in α and φ.) This parameter family of Dirac observables gives the
value of e when the clock t reads τ . We would have to carefully regularize the inverse powers of pt in the
subsequent reduced phase spaces and quantum theory. While this can be done [3], it will be convenient
to make a variable change in the evolving degrees of freedom to avoid these complications. Instead of the
canonical pair (e, pe), we will henceforth look at the evolution of the affine pair (E := e pe, pe), satisfying
{E, pe} = pe, with respect to t. This amounts to evaluating L instead of Λ and yields
E(τ) := E(s)
∣∣
t(s)=τ ≈ L− pt τ = −pt (τ − t) + E , pe(τ) := pe(s)
∣∣
t(s)=τ = pe , (2.4)
1In fact, we have included a choice of lapse function N = e3α.
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pφ
pα
contracting
expanding
‘forward’‘backward’
Cα− ∩ Cφ−Cα− ∩ Cφ+
Cα+ ∩ Cφ−
Cα+ ∩ Cφ+
Figure 1: Schematic representation of the con-
straint surface C, defined by (2.1), as a ‘light cone’
in momentum space. Its four components have the
following physical interpretation.
Red: contracting universe, but φ runs ‘backward’.
Blue: contracting universe and φ runs ‘forward’.
Green: expanding universe and φ runs ‘forward’.
Purple: expanding universe, but φ runs ‘backward’.
At the intersection point (the origin) the dynamics
is static.
so that we have no singular behavior to worry about.
We wish to remove the redundant clock degrees of freedom from among the dynamical variables
through reduction [3]. To this end, it will be convenient to factorize (2.1),
CH = st C
t
+C
t
− , C
t
± := pt ± he , he := |pe| , st :=
{
+1 , t = φ,
−1 , t = α. (2.5)
he will assume the role of a Hamiltonian. We have the following situation:
(i) On Ct± ⊂ C, defined by Ct± = 0 and pt 6= 0, we have
d ·
ds
= {·, CH} ≈ ∓ 2st he {·, Ct±} , (2.6)
so that Ct± generates the dynamics on Ct±. Since he > 0, the flows generated by Ct+ and Ct− are
opposite to and aligned with that of CH , respectively, for t = φ and aligned with and opposite to
that of CH , respectively, for t = α. That is, φ runs ‘backward’ on Cφ+ and ‘forward’ on Cφ−, while α
expands on Cα+ and contracts on Cα−. Backward/expanding and forward/contracting will correspond
to positive and negative frequency solutions, respectively, in the quantum theory.
(ii) The set pα = pφ = 0 is the shared boundary between Cφ+ and Cφ−, as well as between Cα+ and Cα−.
Notice that orbits with pα = pφ = 0 are just points in C so that the latter is stratified by gauge
orbits of different dimension. Since dCH = 0 for pα = pφ = 0, no gauge-fixing surface can pierce
every such gauge orbit once and only once.
The situation is summarized in fig. 1 for convenience.
On Ct± we can thus use Ct± as evolution generators and their relational dynamics is equivalent to that
of CH . Indeed, on Ct± we find (s± denotes the flow parameter of Ct±):
E±(τ) := E(s±)
∣∣
t(s±)=τ = ± |pe| (τ − t) + E , pe±(τ) := pe(s±)
∣∣
t(s±)=τ = pe , (2.7)
which is (2.4) after solving (2.1). The relational Dirac observables being gauge-invariant extensions of
gauge-restricted quantities [3,8,9,53], we can now gauge fix the clock to, e.g., t = 0 and evaluate (2.7) on
this surface Gt=0 without loss of dynamical information. This will produce two separate reduced phase
spaces Pe(t)± ' C¯t± ∩ Gt=0 for positive/negative frequency modes, where C¯t± is Ct± including its boundary
pα = pφ = 0. Of course, due to (ii) these gauge-fixed reduced phase spaces will miss all point-like orbits
with pα = pφ = 0 and t 6= 0 and so their union does not coincide with the space of orbits C/ ∼, where ∼
identifies points in the same orbit. We comment on this shortly.
The Dirac bracket for any functions F,G on Ct± reads
{F,G}D± = {F,G} − {F,Ct±}{t, G}+ {F, t}{G,Ct±} . (2.8)
4
All Dirac brackets involving the redundant clock variables (t, pt) vanish, which can thus be removed.
Furthermore, the affine bracket
{E, pe}D± ≡ {E, pe} = pe (2.9)
is well-defined everywhere. By contrast, the canonical {e, pe}D± is undefined for pe = 0. Hence, we take
Pe(t)± to be fundamentally defined through the affine algebra (2.9). Then we could define e := E/pe on
Pe(t)± , yielding a derived canonical relation {e, pe}D± = 1.
On Pe(t)± the relational observables (2.7) become
E±(τ) = ± |pe| τ + E , pe±(τ) = pe , (2.10)
and satisfy the following equations of motion
dE±
dτ
= ± |pe| = {E±,±he}D±
dpe±
dτ
= 0 = {pe± ,±he}D± , (2.11)
which are thus generated by the physical Hamiltonian ±he.
This can now genuinely be interpreted as the evolution described relative to the clock t, which, being
the reference system, has become dynamically redundant and an evolution parameter τ (see also [3]).
Notice also that the measure-zero set of ignored orbits that distinguishes (the union of) Pe(t)± from the
space of orbits is redundant for relational dynamics. Indeed, the ignored orbits correspond to the static
point-like orbits with pα = pφ = 0 and t 6= 0, where (E, pe) are directly independent observables. But
all their information is already encoded in (2.10): for pe = 0, E±(τ) = E does not depend on τ , which,
however, runs over all possible values of t. It is thus physically justified to work with the gauge-fixed
reduced phase space Pe(t)± rather than the abstract reduced phase space C/ ∼. We will also see that the
relation between the Dirac and reduced quantized theories is consistent with this observation.
Next, we interchange the roles of e and t, i.e. we switch to using e as the clock and t as an evolving
variable [3]. The corresponding map between the corresponding reduced phase spaces Pe(t)± and Pt(e)±
involves the gauge transformation generated by CH which maps C ∩ Gt=0 to, e.g., C ∩ Ge=0. Solving
the equations of motion generated by CH , one easily finds that one has to flow a parameter distance
s = st t0/2pt in C, where t0 is the clock value prior to the transformation. Dropping the redundant
variables, this yields the following maps2
St+→e± : Pe(t)+ → Pt(e)± , (E, pe) 7→ (T = E, pt = −|pe|) ,
St−→e± : Pe(t)− → Pt(e)± , (E, pe) 7→ (T = E, pt = +|pe|) , (2.12)
where T = t pt is the evolving affine variable after the clock switch. Notice that gauge transformations
preserve Cαi ∩ Cφj , i, j = +,−, i.e. the four quadrants of fig. 1. Hence, e.g., St+→e± maps the pe < 0 and
pe > 0 halfs of Pe(t)+ onto the pt < 0 halfs of Pt(e)+ and Pt(e)− , respectively, etc. (For example, Sα+→φ−
switches from the description of the ‘expanding-forward’ sector (green quadrant in fig. 1) relative to α to
its description relative to φ.) Respecting this, one obtains a ‘continuous’ relational evolution, despite the
clock switch: Using (2.10) and setting τ ie = E+(τ
f
t )/pe =: e+(τ
f
t ) as the initial value of the new clock e
after the clock switch, where τft was the final value of the old clock t prior to it, one consistently finds
3
T±(τ ie) = pt τ
f
t , on Pt(e)± . (2.13)
We shall see the quantum analog of this later. We emphasize that due to the intermediate gauge trans-
formation the clock switch proceeds via the internal-time-neutral C [3].
2For more details of this procedure in a different model, see [3].
3Note that generally T±(τ ie) 6= E+(τft ), despite the form (2.12).
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kinematical phase space R4
Pα(φ)+ Pα(φ)− Hkin Pφ(α)+ Pφ(α)−
Hα(φ)+ Hα(φ)− Hφ(α)+ Hφ(α)−
Hα(φ)phys Hphys Hφ(α)phys
Cφ+=φ=0
Cφ−=φ=0 C
α
+=α=0
Dirac quant.
Cα−=α=0
red. quantization rel. to φ
δ(CˆH)
red. quantization rel. to α
√
4pi〈φ=0|θ(−pˆφ)
√̂
|pα|
√
4pi〈φ=0|θ(pˆφ)
√̂
|pα|
Tφ Tα
√
4pi〈α=0|θ(−pˆα)
√̂
|pφ| √
4pi〈α=0|θ(pˆα)
√̂
|pφ|
Figure 2: Diagrammatic overview of the relation between Dirac and the four reduced quantizations. In a nutshell,
the physical Hilbert space is mapped to any of the four (positive or negative frequency) reduced Hilbert spaces
by first trivializing the Hamiltonian constraint via Tφ or Tα to the corresponding choice of internal time variable
and subsequently projecting onto the classical internal time gauge fixing condition. (Details in the main text.)
2.2 Reduced quantization relative to a choice of internal time
We proceed by quantizing the gauge-fixed reduced phase spaces Pe(t)± of this model universe. Subse-
quently, we will link the various reduced quantum theories via the internal-time-neutral Dirac quantized
theory. For simplicity, we resort to the Wheeler-DeWitt formulation in the Dirac procedure, but we
note that the loop quantization of this FRW model can be cast into a very similar form (modulo ob-
servables) [37]. There is thus good hope that the below framework for switching internal times can be
adapted to loop quantum cosmology. Before doing so, however, one has to overcome loop quantization
related subtleties, which I briefly comment on in the conclusions.
Since we will encounter a number of Hilbert spaces and transformations along the way, we summarize
the various classical and quantum reduction steps and their relation in fig. 2 for guidance.
Recall that Pe(t)± is defined through the affine algebra (2.9). However, it turns out to be equivalent
to quantize these phase spaces in either the affine or standard canonical method. We promote the Dirac
bracket {., .}D± to a commutator [., .] and (e, pe) to conjugate or (E, pe) to affinely related operators on
a Hilbert space He(t)± := L2(R). In the canonical momentum representation, we represent states as
|ψ〉e(t)± =
∫ +∞
−∞
dpe ψ
e(t)
± (pe) |pe〉e , (2.14)
the inner product as
〈ψ|χ〉e(t)± =
∫ +∞
−∞
dpe [ψ
e(t)
± (pe)]
∗ χe(t)± (pe) , (2.15)
pˆe as a multiplication operator and the configuration observables as
4
eˆ ψ
e(t)
± (pe) = i ∂pe ψ
e(t)
± (pe) , Eˆ ψ
e(t)
± (pe) = i
(
pe ∂pe +
1
2
)
ψ
e(t)
± (pe) . (2.16)
These are self-adjoint and for states with limpe→±∞
√|pe|ψe(t)± (pe) = 0 we can equivalently work with eˆ
4We set ~ = 1.
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or Eˆ which also satisfies Eˆ = 12 (eˆ pˆe + pˆe eˆ).
5 The evolving observables (2.10) become
Eˆ±(τ) = ± |pˆe| τ + Eˆ , pˆe±(τ) = pˆe , (2.17)
and satisfy the Heisenberg equations with Hamiltonian Hˆ = ±hˆe = ±|pˆe| on He(t)±
dEˆ±
dτ
= ± |pˆe| = −i [Eˆ±, Hˆ]
dpˆe±
dτ
= 0 = −i [pˆe± , Hˆ] . (2.18)
2.3 The internal-time-neutral Dirac quantization
We continue with Dirac quantization (see fig. 2), promoting (α, pα) and (φ, pφ) to conjugate operators
on a kinematical Hilbert space Hkin := L2(R2). The solutions to the quantum constraint
CˆH |ψ〉phys = (pˆ2φ − pˆ2α) |ψ〉phys != 0 . (2.19)
will define the physical Hilbert spaceHphys. Using group averaging [1–3,26,54–57], |ψ〉phys = δ(CˆH) |ψ〉kin,
and working in momentum representation with kinematical wave functions ψkin(pφ, pα), we find physical
states to be of the form
|ψ〉phys =
∫ +∞
−∞
dpe
2|pe|
[
ψ
e(t)
kin (−|pe|, pe) |−|pe| 〉t|pe〉e + ψe(t)kin (|pe|, pe) | |pe| 〉t|pe〉e
]
(2.20)
and the physical inner product as
〈ψ|χ〉phys =
∫ +∞
−∞
dpe
2|pe|
[(
ψ
e(t)
kin (−|pe|, pe)
)∗
χ
e(t)
kin (−|pe|, pe) +
(
ψ
e(t)
kin (|pe|, pe)
)∗
χ
e(t)
kin (|pe|, pe)
]
, (2.21)
where for compactness of notation we have set
ψ
e(t)
kin
(
pt = ∓|pe|, pe
)
:=
{
ψkin(∓|pα|, pα) , t = φ , e = α ,
ψkin(pφ,∓|pφ|) , t = α , e = φ .
(2.22)
The situation is completely symmetric in α and φ and we will exploit this for the internal time switches.
For interpretation it is useful to note that the position representation of the states reads
ψ±phys(e, t) =
∫ +∞
−∞
dpe
4pi |pe| e
i(∓|pe| t+pe e) ψe(t)kin (∓|pe|, pe) , (2.23)
where ψ±phys are the positive/negative frequency solutions of the Klein-Gordon equation. It is easy to
convince oneself that
〈ψ|χ〉phys = 2pi
[ (
ψ+phys, χ
+
phys
)
KG
−
(
ψ−phys, χ
−
phys
)
KG
]
, (2.24)
where (ψ, χ)KG = i
∫
de (ψ∗∂tχ − (∂tψ∗)χ) is the usual Klein-Gordon inner product in which positive
and negative frequency solutions are orthogonal (see also [54]). Physical states and inner product thus
decompose into a sum of positive and negative frequency modes. It follows from fig. 1 that for e = α
and t = φ positive/negative frequency solutions correspond to classical backward/forward evolution in
φ. Conversely, for e = φ and t = α, positive/negative frequency solutions correspond to evolving relative
to an expanding/contracting α. It is standard (and usually justified) to ignore the negative frequency
solutions [28, 29, 37]; here we shall not do that as they will be interesting when switching internal times.
5In the affine momentum representation, states are represented as |ψ〉e(t)± =
∫+∞
−∞
dpe
|pe| ψ˜
e(t)
± (pe) |pe〉aff , where ψ˜e(t)± =√|pe|ψe(t)± and 〈pe|p′e〉aff = |pe| δ(pe − p′e). The inner product then reads 〈ψ|χ〉e(t)± = ∫+∞−∞ dpe|pe| [ψ˜e(t)± (pe)]∗ χ˜e(t)± (pe) and
the configuration observables are represented as Eˆ ψ˜
e(t)
± = i pe ∂pe ψ˜
e(t)
± and eˆ ψ˜
e(t)
± = (i ∂pe − i2pe ) ψ˜
e(t)
± . It is easy to check
that this affine representation is equivalent to the canonical one above.
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In particular, it is easy to convince oneself, using (2.21) and fig. 1, that both the positive and negative
frequency part of a physical state for e = α overlap with both the positive and negative frequency part
of the same physical state associated to e = φ.
Choosing a symmetric ordering, the relational Dirac observables (2.4) are quantized as
Eˆ(τ) = −pˆt τ + 1
2
(
pˆt tˆ+ tˆ pˆt + eˆ pˆe + pˆe eˆ
)
+ i = −pˆt τ + tˆ pˆt + pˆe eˆ+ i , pˆe(τ) = pˆe (2.25)
and commute with CˆH , however, Eˆ(τ) only does so on Hphys. This is also the reason for the +i term,
which ensures that Eˆ(τ) is Hermitian with respect to (2.21) and ultimately self-adjoint on Hphys, see
appendix A.
In analogy to the classical C, I propose to conceive of Hphys as the internal-time-neutral quantum
structure [3]. In the Dirac quantized theory, we have not yet chosen a temporal reference system with
respect to which to interpret the dynamics. This is reflected in the redundancy of the representation of
states (2.20), inner product (2.21) and relational observables (2.25); we have not yet decided whether
t = α or φ and we could have selected a different internal time altogether. Just like C, Hphys encodes all
internal clock choices at once and it features no Heisenberg evolution equations for relational observables.
2.4 Quantum reduction: from Dirac to reduced quantization
Next, we perform the quantum reduction procedure that maps the Dirac to the various reduced quan-
tized theories [1–3] and ultimately permits us to switch internal times also in the quantum theory. In
analogy to the classical case, it proceeds as follows (see fig. 2): (i) choose an internal time, (ii) trivialize
the constraint to the internal time to render it redundant, (iii) project onto the classical gauge fixing
conditions, corresponding to the choice of internal time, to remove the redundancy.
We define the trivialization map
Tt := Tt+ + Tt− , Tt± := exp
(
±i tˆ (hˆe − )
)
θ(∓pˆt) , (2.26)
where θ(0) = 12 . The theta function separates positive and negative frequency modes and the transfor-
mation is akin to the time evolution map in t time, except that the latter appears as an operator. In
consequence, Tt does not commute with CˆH and maps Hphys to a new Hilbert space He(t)phys := Tt(Hphys).
Using the tools of [3], one can check that its inverse T −1t : He(t)phys → Hphys is given by
T −1t := T −1t+ + T −1t− , T −1t± := exp
(
∓i tˆ (hˆe − )
)
θ(∓pˆt) . (2.27)
and satisfies T −1t Tt = θ(−pˆt) + θ(pˆt) = 1 only on Hphys and only for  > 0. The role of the parameter 
is thus to render (2.26) invertible.
The key property of (2.26) is that it trivializes CˆH to the clock variables. More precisely,
Tt± Cˆt± T −1t± = (pˆt ± ) θ(∓pˆt) , Tt∓ Cˆt± T −1t∓ = (pˆt ± 2hˆe ∓ ) θ(±pˆt) , (2.28)
and so Tt± trivializes Cˆt± from (2.5) in the positive/negative frequency sector such that it only acts on
the clock variables upon transformation. Together
Tq CˆH T −1q = st
(
pˆt − 2 hˆe + 
)
(pˆt + ) θ(−pˆt) + st
(
pˆt + 2 hˆe − 
)
(pˆt − ) θ(pˆt) . (2.29)
It is thus not surprising to find the states of He(t)phys in the form
|ψ〉e(t)phys := Tt |ψ〉phys =
∫ +∞
−∞
dpe
2|pe|
[
ψ
e(t)
kin (−|pe|, pe) |−〉t|pe〉e + ψe(t)kin (|pe|, pe) |〉t|pe〉e
]
. (2.30)
Hence, apart from distinguishing the positive/negative frequency sectors, the clock-slot of the state has
become redundant. It is easy to convince oneself that Tt constitutes an isometry from Hphys to He(t)phys.
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After a straightforward calculation one finds that the relational Dirac observables (2.25) transform as
follows to He(t)phys:
Tt Eˆ(τ) T −1t = (|pˆe| τ + pˆe eˆ+ i) θ(−pˆt) + (−|pˆe| τ + pˆe eˆ+ i) θ(pˆt) ,
Tt pˆe(τ) T −1t = pˆe θ(−pˆt) + pˆe θ(pˆt) . (2.31)
On the respective positive/negative frequency sectors, these almost coincide with the reduced evolving
observables (2.17) on He(t)± .
To complete the quantum reduction to He(t)± we note the following:
〈ψ|χ〉phys ≡ 1
2
〈ψ|χ〉e(t)+ +
1
2
〈ψ|χ〉e(t)− , (2.32)
where 〈ψ|χ〉e(t)± is the inner product (2.15), provided
ψ
e(t)
± (pe) :=
ψ
e(t)
kin (∓|pe|, pe)√|pe| . (2.33)
The reduced state is thereby essentially the Newton-Wigner wave function associated to the positive/negative
frequency solutions of the constraint (2.19). However, there is a small difference: usually, one restricts
to positive frequency solutions in which case the Newton-Wigner wave function involves an additional
factor 1/
√
2 [58]. This would here imply 〈ψ|χ〉phys ≡ 〈ψ|χ〉e(t)+ . While this could be done, here we shall
not discard negative frequency modes as they are also physically interesting, in particular when switching
internal times in cosmology, see fig. 1 (e.g., we would be discarding forward evolution in φ). Therefore, we
keep the normalization as in (2.33), so that positive and negative frequency modes can be simultaneously
normalized.
It is now easy to see that with an additional transformation for the measure√̂
|pe| Tt |ψ〉phys = 1
2
|−〉t|ψ〉e(t)+ +
1
2
|+〉t|ψ〉e(t)− , (2.34)
we can identify |ψ〉e(t)± with the reduced states (2.14) on He(t)± . We also recover the reduced evolving
observables (2.17) in the corresponding sectors (here the +i term in (2.25) is crucial)√̂
|pe| Tt Eˆ(τ) T −1t ̂(
√
|pe|)−1 =
(
|pˆe| τ + Eˆ
)
θ(−pˆt) +
(
−|pˆe| τ + Eˆ
)
θ(pˆt)
= Eˆ+(τ) θ(−pˆt) + Eˆ−(τ) θ(pˆt) ,√̂
|pe| Tt pˆe(τ) T −1t ̂(
√
|pe|)−1 = pˆe θ(−pˆt) + pˆe θ(pˆt) . (2.35)
Projecting onto the classical gauge fixing conditions t = 0, in some analogy to the Page-Wootters
construction [59], removes the redundant clock-slot and finally yields the states of the reduced theory
|ψ〉e(t)± = 2
√
2pi t〈t = 0| θ(∓pˆt)
√̂
|pe| Tt |ψ〉phys . (2.36)
This projection is compatible with the observables and the inner product. Its image is the Heisenberg
picture on He(t)± ; e.g., (2.36) can be interpreted as an initial state at t = 0. This completes the quantum
reduction from the Dirac quantized theory to the reduced one relative to internal time t, see fig. 2.
2.5 Quantum internal time switches
This quantum reduction procedure now enables us to switch from the relational quantum dynamics
relative to t to that relative to e [3]. Just like in the classical case, we can thus interchange the roles of
t and e and the following is the quantum analog of it. In analogy to a coordinate change on a manifold,
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we have to invert the quantum reduction map associated to t and concatenate it with that associated to
e. This will map from the reduced Hilbert spaces He(t)± via the internal-time-neutral Hphys to Ht(e)± :
Sˆt+→e± : He(t)+ → Ht(e)± ,
Sˆt+→e± := 2
√
2pi e〈e = 0| θ(∓pˆe)
√̂
|pˆt| Te± T −1t+ ̂(
√
|pe|)−1 |pt = −〉t
2
⊗ , (2.37)
where Te is identical to (2.26), except that t and e are interchanged. Here, |pt = −〉t⊗ mean tensoring
the input state |ψ〉e(t)+ with this factor, which amounts to restoring gauge invariance as |pt = −〉t =
1/
√
2pi
∫
dt exp(−i t )|t〉t averages over the classical gauge fixing conditions t = const. Similarly, for the
negative frequency modes, we have
Sˆt−→e± : He(t)− → Ht(e)± ,
Sˆt−→e± := 2
√
2pi e〈e = 0| θ(∓pˆe)
√̂
|pˆt| Te± T −1t− ̂(
√
|pe|)−1 |pt = +〉t
2
⊗ , (2.38)
It is clear that, just as in the classical case, the internal time switches have to preserve the four
quadrants of fig. 1. Indeed, in appendix B we show that
Sˆt+→e± |ψ〉e(t)+ = θ(−pˆt) |ψ〉t(e)± , Sˆt−→e± |ψ〉e(t)− = θ(pˆt) |ψ〉t(e)± , (2.39)
where the reduced states on the left and right hand sides of the equations correspond via (2.33) to the
same physical state. We also demonstrate in appendix B that the complicated expressions (2.37, 2.38)
vastly simplify, being equivalent to
Sˆt+→e± ≡ Pe±→t+ θ(∓pˆe) , Sˆt−→e± ≡ Pe±→t− θ(∓pˆe) , (2.40)
where we have introduced the clock-switch operators
Pe±→t+ |pe〉e := |−|pe| 〉t , Pe±→t− |pe〉e := | |pe| 〉t (2.41)
in close analogy to [3] and the parity-swap operator of [1, 41].
The quantum clock switch procedure can be summarized in a commutative diagram:
Hphys
He(t)phys Ht(e)phys
He(t)+ Ht(e)±
Te±T −1t+
2
√
2pi e〈e=0| θ(∓pˆe)
√̂
|pˆt|
Sˆt+→q±
̂
(
√
|pe|)−1 12 |pt=−〉t⊗
and analogously for (2.38). Notice that the quantum clock switch thereby has the structure ϕe ◦ ϕ−1t of
a coordinate transformation, where the internal-time-neutral Hphys assumes the role of the ‘manifold’.
This is the appropriate structure for a quantum notion of general covariance that pertains to switching
between the descriptions of the physics relative to different quantum reference systems, supporting the
arguments in [1–3].
The inverse clock switch from e to t is due to the symmetry of the problem the same as above, except
that one has to interchange the e and t labels everywhere. It is now easy to check how the elementary
observables transform from He(t)± to Ht(e)± :
Sˆt±→e+ Eˆ Sˆe+→t± = Tˆ θ(∓pˆt) , Sˆt±→e+ pˆe Sˆe+→t± = ±pˆt θ(∓pˆt) ,
Sˆt±→e− Eˆ Sˆe−→t± = Tˆ θ(∓pˆt) , Sˆt±→e− pˆe Sˆe−→t± = ∓pˆt θ(∓pˆt) . (2.42)
Notice that the image of Sˆe+→t± is θ(−pˆe)
(
He(t)±
)
so that in the first line one can set pˆe = −|pˆe|.
Similarly, in the second line one can set pˆe = |pˆe|. Then it is obvious that the transformations (2.42)
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are exactly the quantum version of the classical maps between the corresponding reduced phase spaces
in (2.12), which have been obtained through gauge transformations. While there are no gauge transfor-
mations in the quantum theory (except on Hkin) [1–3], this is their quantum analog.
These relations permit us to transform the reduced relational observables (2.17) from He(t)± to Ht(e)± :
Sˆt±→e+ Eˆ±(τt) Sˆe+→t± =
(
±|pˆt| τt + Tˆ
)
θ(∓pˆt) ,
Sˆt±→e− Eˆ±(τt) Sˆe−→t± =
(
±|pˆt| τt + Tˆ
)
θ(∓pˆt) (2.43)
(pˆe±(τt) is already transformed in (2.42)). The right hand side is not Tˆ±(τe), despite looking like it, due
to the appearance of τt, which runs over the values of t, rather than τe, which runs over the values of e.
Instead, it is the representation of Eˆ±(τt) on Ht(e)± and could be used to set initial values τ ie for e after
the clock switch.
In contrast to the classical case, there does not seem to be a unique procedure, given that Eˆ± is now
an operator. However, in analogy to the classical case, we can define the initial reading τ ie of the new
clock e in terms of expectation values, e.g.:
τ ie :=
〈Eˆ±(τft )〉e(t)±
〈pˆe〉e(t)±
. (2.44)
Indeed, we prove in appendix C that this leads to exactly the classical ‘continuity’ relation (2.13) in terms
of expectation values 〈
Tˆ±(τ ie)
〉t(e)
±
= τft 〈pˆt〉t(e)± on Ht(e)± , (2.45)
so that one also finds a continuous quantum relational evolution, despite the intermediate clock switch.
2.6 Illustration in concrete states
Let us briefly illustrate this internal time switch for example states. We pick semiclassical kinematical
states, built according to the recipe for elliptic coherent states in [60] (and adapt the normalization):
ψkin(pφ, pα) =
√
2
Γ(n)
(pφ + i pα)
n exp
(
−p
2
α + p
2
φ
2
)
. (2.46)
For concreteness, we restrict to the green quadrant in fig. 1, where we have pα = −pφ ≤ 0 and so an
expanding universe with forward evolution in φ. Using the Newton-Wigner type identification (2.33),
this gives semiclassical reduced negative and positive frequency wave functions on θ(−pˆα)
(Hα(φ)− ) and
θ(pˆφ)
(Hφ(α)+ ), respectively,
ψ
α(φ)
− (pα) =
√
2
Γ(n) |pα| p
n
α(i− 1)n exp
(−p2α) , ψφ(α)+ (pφ) =
√
2
Γ(n) pφ
pnφ(i− 1)n exp
(−p2φ) .
For visualization, we provide plots of their probability distributions in fig. 3. One easily finds that
〈Aˆ〉α(φ)− = 〈Φˆ〉φ(α)+ = 0, where Aˆ, Φˆ are the reduced quantizations (2.16) of A = αpα and Φ = φ pφ, and〈
Aˆ−(τφ)
〉α(φ)
−
= τφ 〈pˆα〉α(φ)− = −τφ
Γ(n+ 12 )√
2 Γ(n)
,
〈
Φˆ+(τα)
〉φ(α)
+
= τα 〈pˆφ〉φ(α)+ = +τα
Γ(n+ 12 )√
2 Γ(n)
. (2.47)
Suppose we evolve first in φ and then switch to α time. Then invoking (2.44) immediately yields
τ iα = τ
f
φ ⇒
〈
Φˆ+(τ
i
α)
〉φ(α)
+
= τfφ 〈pˆφ〉φ(α)+ . (2.48)
This simple switch from φ to α time is illustrated in fig. 4.
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Figure 3: Reduced probability distributions coming from the same physical state (defined through (2.20, 2.46)
and here n = 100), but described relative to the choices of (a) φ and (b) α as internal times in the ‘expanding-
forward’ (green) quadrant of fig. 1. Recall that in the reduced theory the usual modulus square of the wave
function is the probability distribution, see (2.15). Due to the symmetry of the model in α and φ, reduced
probability distributions will always behave symmetrically.
τφ,
〈Φˆ+〉φ(α)+
〈pˆφ〉φ(α)+
〈Aˆ−〉α(φ)−
〈pˆα〉α(φ)−
, τα
quant. evol. in α time
quant. evol. in φ time
Figure 4: Illustration of the quantum rela-
tional evolution given in (2.47, 2.48) for an
internal time switch from φ to α at τfφ =
τ iα = 0. The blue branch corresponds to
the evolution of
〈
Aˆ−(τφ)
〉α(φ)
−
/〈pˆα〉α(φ)− in τφ,
while the golden branch depicts the evolution of〈
Φˆ+(τα)
〉φ(α)
+
/〈pˆφ〉φ(α)+ in τα. Together they trace
out a continuous classical trajectory, describing an
expanding universe.
3 Perspective on the ‘wave function of the universe’
We have illustrated in a very simple quantum cosmological model, namely the flat FRW universe with
massless scalar field, how to consistently switch between the quantum relational dynamics relative to the
scale factor and that relative to the field used as internal times. In particular, just like in the classical
case, the quantum relational evolution is continuous, despite the intermediate internal time switch, and
no information gets lost. This extends the quantum clock switch method of [3] (see also [1,2,41] for spatial
reference systems) to the relativistic case and offers a full Hilbert space alternative to the semiclassical
effective approach of [23–25].
Owing to the symmetry of the model in φ and α, the internal time switches are particularly simple
here and the relational dynamics in a given physical (i.e. internal-time-neutral) state looks essentially ‘the
same’ relative to these two possible choices (up to relabeling the evolving variables). This will no longer
be the case in models which are not symmetric relative to different internal time choices, e.g. see [3], and
especially not in the presence of the so-called global problem of time [14–17,21–25,35,61,62], which arises,
e.g., for interactions between evolving and internal time degrees of freedom [19,20, 25, 63]. However, our
method is general and applies to generic models if one suitably takes into account the Gribov problem
and the fact that a description relative to a choice of reference system, just like a coordinate choice, will
generally not be globally valid [1–3,23–25].
Indeed, the internal time switch proceeds in complete analogy to coordinate changes ϕt ◦ ϕ−1t′ on a
manifold [1, 3]: it inverts the quantum reduction map relative to one time choice, mapping the corre-
sponding reduced quantized theory back into the internal-time-neutral physical Hilbert space of the Dirac
quantization and subsequently applies the quantum reduction map to the reduced quantization relative to
the other internal time choice. The same compositional structure appears for changes of spatial quantum
reference systems [1, 2]. This permits us to interpret the physical Hilbert space of the Dirac quantized
theory as encoding the ‘perspective-neutral’ (i.e. reference-system-neutral) physics [1–3,50] and the quan-
tum reduction maps as defining ‘quantum coordinate’ descriptions of these physics relative to a choice
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of quantum reference system. This is precisely the structure that one would expect for establishing a
genuine quantum notion of general covariance, which refers to the ability to consistently switch, within
one theory, between arbitrary choices of quantum reference systems, each of which can be used as a
vantage point to describe the physics of the remaining degrees of freedom.
Accordingly, in line with our earlier discussion in [1–3], we thus propose to define a complete relational
quantum theory, admitting a quantum general covariance, as the conjunction of the quantum-reference-
system-neutral Dirac quantized theory and the multitude of reduced quantum theories associated to the
different choices of quantum reference system. Just like the classical theory contains a (perspective-
neutral) constraint surface and the multitude of reduced phase spaces, together comprising a complete
classical description, the complete quantum theory contains their corresponding quantum structures, as
illustrated here, and this is a complete quantum description. Specifically, we propose this conjunction to
overcome the so-called multiple choice facet of the problem of time [14,15] (the arguments of which could
also be applied to spatial reference systems) and to turn it into a multiple choice feature of the complete
relational quantum theory [3].
For simplicity, we have illustrated the novel procedure using the Wheeler-DeWitt approach in the Dirac
quantization, however, the loop quantization of the simple model of this article can actually be formulated
in the same physical Hilbert space [37]. It is thus suggestive that the present framework for switching
internal times can be extended to loop quantum cosmology as well. To this end, however, at least two loop
quantization related subtleties need be suitably taken into account. For instance, loop quantization leads
to superselection sectors in the geometric degrees of freedom [29]. Presumably, the framework should
be applied per superselection sector, although subtleties remain to be checked as different sectors might
have different physical properties. Secondly, loop quantization leads to a deformation of gauge covariance
as embodied in the constraint algebra [64–66]. While this should not be a problem for homogeneous
cosmological models, it arises as an additional challenge when attempting to extend the framework to
a loop quantization of inhomogeneous models where non-trivial diffeomorphism constraints arise. This
would be relevant, e.g., when studying relational dynamics in the context of loop quantum cosmology
modifications of the ’no-boundary’ proposal [67].
Our proposal also entails a novel perspective on the ‘wave function of the universe’, i.e. the global
quantum state for the universe as a whole, which appears ubiquitously and in various interpretational
guises in quantum cosmology [27–29, 34, 38, 68–72]. It is usually taken to be a solution to the Wheeler-
DeWitt equation, in the present article (2.19), and thereby a physical state of the Dirac quantized theory.
The proposal here suggests to view the ‘wave function of the universe’ as a perspective-neutral global
state that thereby does not admit an immediate physical interpretation; it is not the description of the
universe relative to any physical reference system. Instead, while in the simple model here we have only
illustrated it for two possible choices, it contains the information about all the relative states at once,
i.e. all the descriptions relative to all possible choices of quantum reference system, and provides the
crucial linking structure between all these relative descriptions. In fact, it is these relative reduced states
that admit the immediate physical interpretation and should be taken as relevant for observational and
operational predictions (although the ‘wave function of the universe’ encodes that information too).
This offers a consistent link between operationally significant subsystem structures in quantum cos-
mology and gravity, relative to a choice of quantum reference system, and a perspective-neutral (in
particular, observer-independent) global state that contains all degrees of freedom [50]. Specifically, this
also suggests a novel perspective on the notorious problem of how to interpret the probabilities defined
by the ‘wave function of the universe’. While the global probability density defined by it through the
physical inner product (here (2.21)) does not admit an immediate operational interpretation, the ‘wave
function of the universe’ gives rise to all the relative states through quantum reduction, and these do ad-
mit an immediate physical interpretation. Indeed, the relative states admit a physically relevant reduced
probability distribution (here via (2.15)), and the quantum reduction always implies their inner product
through the inner product of the corresponding physical states (here see (2.32) and [1–3] for further
examples of the method). However, crucially, the two kinds of probability distributions live on different
spaces: the ‘wave function of the universe’ technically defines an abstract probability distribution over all
the degrees of freedom of the universe, while the relative states define a probability distribution over all
degrees of freedom of the universe, except those of the associated reference system. As such, the latter
admits the interpretation as the probability distribution ‘seen’ by that reference system.
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Note that the proposal here is general and not specific to any detailed interpretation of quantum theory
and its probabilities. There is no obvious reason why it should conflict with any of many-worlds, relational,
QBism, consistent histories, Copenhagen, or realist interpretations. In particular, it is worthwhile to point
out that it might actually reconcile relational and informational state interpretations [51,73–80] with the
global ‘wave function of the universe’. While the details depend on the specific interpretation, relational
interpretations take a state to be defined relative to an agent, or, more generally, reference system, and
this state is taken to be the observer’s ‘catalog of knowledge’ about the observed system. One can then
argue [50, 51] that such interpretations deny a global operationally meaningful quantum state as the
self-reference problem [81,82] impedes a given observer or reference system to infer the global state of the
entire universe (incl. itself) from its interactions with the rest. Accordingly, relative to any subsystem,
one can assign a ‘catalog of knowledge’ about the rest of the universe but, without external observer or
reference frame, there can then be no global, operationally meaningful ‘catalog of knowledge’ about the
entire universe at once (see also related discussions in [83–86]). In the proposal of this article, the global
‘wave function of the universe’ indeed does not admit an immediate operational interpretation as an
informational state, yet it links all the different relational reference system perspectives on the universe
consistently [50], something that was missing, e.g., in the discussion of [51,73,74,79,80,83–85].
Specifically, this might reconcile the seemingly subjective relational states (an observer’s ‘catalog of
knowledge’) with the objective ‘wave function of the universe’. Being a physical system too, the subjective
degrees of beliefs, i.e. ‘catalogs of knowledge’ of any observer about states of other systems should be
encoded in physical degrees of freedom of this observer. But the ‘wave function of the universe’ – as a
perspective-neutral global state – encodes all physical degrees of freedom of the universe and thus ‘knows’,
in particular, what information any observing system has in its memory. Hence, while the relative states
may be interpreted as subjective ‘catalogs of knowledge’ of the observing systems, the ‘wave function
of the universe’, as proposed here, contains all these ‘catalogs of knowledge’ at once and would actually
consistently and objectively link them. However, to manifest this more specific interpretation, one would
have to clarify how state collapses occur in the relative descriptions from measurement interactions at
the perspective-neutral level. That is, one has to revisit the measurement problem (and specifically the
Wigner friend paradox [73, 79, 87–89]), but now with a complete relational quantum theory at hand, as
proposed here, which contains both a perspective-neutral description and all the individual perspectives,
a structure that was not available before.
Finally, it can be shown in simple examples that quantum correlations will generally depend on the
choice of quantum reference system [1,41]. This immediately raises some interesting questions since both
quantum reference systems and quantum correlations appear ubiquitously in quantum cosmology. For
example, given the phenomenological importance of CMB correlations and propagators, does the quantum
frame dependence of correlations, which surely has to be expected in quantum cosmology too, have any
observational significance? This question could be studied, e.g., in Bianchi models with inhomogeneous
perturbations and the tools for these investigations are now, in principle, available.
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A Hermiticity of the relational observable Eˆ(τ) on Hphys
We prove the claim that Eˆ(τ) as given in (2.25) is Hermitian with respect to the physical inner product.
To this end, it suffices to consider the symmetric quantization of the Dirac observable L in (2.2) on Hkin
Lˆ =
1
2
(pˆφ φˆ+ φˆ pˆφ + pˆα αˆ+ αˆ pˆα) . (A.1)
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This is a Hermitian and, in particular, self-adjoint operator on Hkin. However, it fails to be Hermitian
with respect to the physical inner product. To see this, note that
[CˆH , Lˆ ] = −2i CˆH . (A.2)
Hence, Lˆ commutes with the constraint only on Hphys. The physical inner product (2.21) comes from
group averaging [3, 26,54–57] and is given by
〈ψ|χ〉phys := 〈ψkin| δ(CˆH) |χkin〉 , (A.3)
where 〈·|·〉 is the standard inner product on Hkin and
δ(CˆH) =
1
2pi
∫ +∞
−∞
ds ei s CˆH . (A.4)
Using (A.2) one easily finds [CˆnH , Lˆ] = −2i n CˆnH and thereby
[δ(CˆH), Lˆ ] =
1
pi
∫
ds s CˆH e
i s CˆH = −2i d
dx
1
2pi
∫
dsei x s CˆH
∣∣∣
x=1
= −2i d
dx
δ(x CˆH)
∣∣∣
x=1
= −2i d
dx
|x|−1
∣∣∣
x=1
δ(CˆH) = 2i δ(CˆH) . (A.5)
From this result it is clear that Lˆ is not Hermitian with respect to (A.3). However, using (A.5), we have
〈ψkin| (Lˆ+ i) δ(CˆH) |χkin〉 = 〈ψkin| δ(CˆH) (Lˆ− i) |χkin〉 = 〈(Lˆ+ i) δ(CˆH)ψkin |χkin〉 , (A.6)
where in the last step we have made use of the fact that both Lˆ and δ(CˆH) are symmetric on Hkin.
Consequently, Lˆ + i is Hermitian with respect to the physical inner product and, in turn, also Eˆ(τ) in
(2.25). This operator can also be densely defined and is thus essentially self-adjoint.
B Changes of internal times in the quantum theory
We begin by proving the left equation in (2.39). Recall that
Sˆt+→e± := 2
√
2pi e〈e = 0| θ(∓pˆe)
√̂
|pˆt| Te± T −1t+ ̂(
√
|pe|)−1 |pt = −〉t
2
⊗ . (B.1)
We make use of the definition of the reduced positive and negative frequency wave functions (2.33) and
ψ
t(e)
kin
(
pe = ∓|pt|, |pt|
)
= ψ
e(t)
kin
(
|pe|,∓|pe|
)
,
ψ
t(e)
kin
(
pe = ∓|pt|,−|pt|
)
= ψ
e(t)
kin
(
− |pe|,∓|pe|
)
, (B.2)
which is implied by (2.22). Then,
Sˆt+→e± |ψ〉e(t)+ = Sˆt+→e±
∫ ∞
−∞
dpe
ψ
e(t)
kin (−|pe|, pe)√|pe| |pe〉e
= 2
√
2pi e〈e = 0| θ(∓pˆe)
√̂
|pˆt| Te±
∫ ∞
−∞
dpe
2|pe| ψ
e(t)
kin (−|pe|, pe) |−|pe| 〉t|pe〉e
= 2
√
2pi e〈e = 0| θ(∓pˆe)
√̂
|pˆt| Te±
×
∫ 0
−∞
dpt
2|pt|
[
ψ
t(e)
kin (−|pt|, pt) |−|pt| 〉e|pt〉t + ψt(e)kin (|pt|, pt) | |pt| 〉e|pt〉t
]
=
√
2pi e〈e = 0| θ(∓pˆe)
∫ 0
−∞
dpt
[
ψ
t(e)
+ (pt) |−〉e|pt〉t + ψt(e)− (pt) |+〉e|pt〉t
]
= θ(−pˆt) |ψ〉t(e)± .
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From the second to the third line, we have performed a variable change pe = pt for pe < 0 and pe = −pt
for pe > 0 and used (B.2).
To prove that this transformation is equivalent to Pe±→t+ θ(∓pˆe), as claimed in (2.40), where Pe±→t+
is defined in (2.41), write
|ψ〉e(t)+ =
∫ 0
−∞
dpe√|pe| ψe(t)kin (−|pe|, pe) |pe〉e +
∫ +∞
0
dpe√|pe| ψe(t)kin (−|pe|, pe) |pe〉e ,
perform a variable transformation pe = pt in the left and pe = −pt in the right integral and invoke (B.2)
and the definition (2.41).
The right equations in (2.39, 2.40) are shown in complete analogy.
C Continuity of the quantum relational dynamics during a switch
We briefly prove the continuity of the quantum relational dynamics, as expressed in (2.45), notwithstand-
ing the intermediate internal time switch. For concreteness, we restrict our attention to one quadrant of
fig. 1, e.g. either the green or red quadrant where pα = −pφ. Notice first that (2.40) implies
θ(−pˆe)
(He(t)− ) θ(+pˆt)(Ht(e)+ ) .Sˆt−→e+
Sˆe+→t−
(C.1)
Clearly, using (2.17), we have〈
Eˆ−(τt)
〉e(t)
−
= −τt 〈|pˆe|〉e(t)− + 〈Eˆ〉e(t)− = τt 〈pˆe〉e(t)− + 〈Eˆ〉e(t)− on θ(−pˆe)
(He(t)− ) ,〈
Tˆ+(τe)
〉t(e)
+
= +τe 〈|pˆt|〉t(e)+ + 〈Tˆ 〉t(e)+ = τe 〈pˆt〉t(e)+ + 〈Tˆ 〉t(e)+ on θ(+pˆt)
(Ht(e)+ ) .
Setting now the initial value of the new clock e, as in (2.44), to
τ ie :=
〈Eˆ−(τft )〉e(t)−
〈pˆe〉e(t)−
= τft +
〈Eˆ〉e(t)−
〈pˆe〉e(t)−
, (C.2)
we find 〈
Tˆ+(τ
i
e)
〉t(e)
+
= τft 〈pˆt〉t(e)+ +
〈Eˆ〉e(t)−
〈pˆe〉e(t)−
〈pˆt〉t(e)+ + 〈Tˆ 〉t(e)+ . (C.3)
Now we invoke (2.42) and, in particular,
Sˆt−→e+ Eˆ Sˆe+→t− = Tˆ θ(+pˆt) , Sˆt−→e+ pˆe Sˆe+→t− = −pˆt θ(+pˆt) . (C.4)
Using (2.15, 2.39), this implies
〈Eˆ〉e(t)−
〈pˆe〉e(t)−
= − 〈Tˆ 〉
t(e)
+
〈pˆt〉t(e)+
(C.5)
and thereby 〈
Tˆ+(τ
i
e)
〉t(e)
+
= τft 〈pˆt〉t(e)+ , (C.6)
as claimed. The proof for the other quadrants is completely analogous.
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